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Reactor 

In this work dispersive mixing and chemical reactions are treated simultaneously 
by resorting to the theory of stochastic processes. A fluidized-bed reactor is modeled 
by discretizing it into ideally stirred tanks of various sizes corresponding to bubble, 
cloud, and emulsion phases. All parameters in the model are correlated with known 
or experimentally obtainable quantities. Examples using a complex chemical re- 
action are given to demonstrate the applicability of the approach. 
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SCOPE 

One of the readily observable features of the flow pattern in 
a gas-solids, fluidized-bed reactor is its fluctuating character- 
istics. Such a reactor is often visualized as containing at least 
two distinct phases, namely the dense (emulsion) and dilute 
(bubble) phases (Kato and Wen, 1969; Mori and Wen, 1975,1976; 
Peters et al., 1982; Orcutt and Carpenter, 1971). The flow pat- 
terns of gas and solids in and around these phases fluctuate 
constantly and the various components in the dense phase are 
intermittently exposed to bubbles of different gas compositions. 
It is thus natural that we resort to a probabilistic approach to 
gain insight into such a system (Krambeck et al., 1969; Ligon and 
Amundson, 1981). In their study of fluidized-bed reactors, Bukur 
et al. (1977) have stated, “It is our view that probably no deter- 
ministic model will ever describe such reactors with any pre- 
cision. While some stochastic models have been proposed, no 
serious work in this direction has been presented.” 

The theory of the Markov process (continuous time Markov 
chain) has been successfully used for modeling and simulating 
totally interconnected stirred-tank networks. It has been rec- 

ognized that a fluidized-bed reactor can be discretized into 
ideally stirred tanks of various sizes corresponding to bubble, 
cloud, and emulsion phases. The bubble assemblage model 
(BAM) proposed by Kato and Wen (1969) is an example. In the 
present work, the theory of the Markov process is employed for 
modeling dispersive mixing and chemical reactions simulta- 
neously in such a reactor. 

The bubble assemblage model has been shown to be one of 
the most useful models proposed for a bubbling, gas-solids, 
fluidized-bed reactor. An essential feature of this model is that 
the bed is divided into compartments whose heights are ad- 
justed to .the bubble sizes at that level. This greatly reduces 
computing time without loss of accuracy. 

In this paper we shall only deal with heterogenous catalytic 
reactions in which the time history of solids is not important. 
All parameters of the model are correlated with known or ex- 
perimentally obtainable quantities. Examples using a complex 
chemical reaction are given to demonstrate the applicability 
of the approach. 

CONCLUSIONS AND SIGNIFICANCE 

In this work a stochastic compartmental model has been in- 
troduced for gaseous fluidized-bed reactors which takes into 
account both flow reversal and the height of the entering jets 
in addition to all other phenomena contained in previous 
deterministic models. The resultant formulation yields not only 
the mean concentrations of reacting species in each compart- 
ment, but also the expressions for the variance and higherarder 
cumulants. 

The proposed stochastic model has been applied to simulation 
of fluidized-bed reactors involving a complex reaction under 
various flow conditions. The axial concentration profiles as well 
as the transient exit concentrations have been determined di- 
rectly from the transition probability matrix and initial condi- 

Chrerpondence concerning this p a ~ r  should be addressed to L T Fan 
R Nassar is with the Department of Statistics, Kansas State University 

tions. The results show that even under nonslugging conditions, 
flow reversal will not commonly occur within the range of the 
governing equations; however the magnitude of crossflow be- 
tween the bubble and emulsion phases has been found to be a 
more significant factor determining the axial concentration 
profile in the fluidized-bed reactor at steady state. It has also 
been found that inclusion of the jet height in calculating the 
number of idealized compartments influences the performance 
of the reactor appreciably, especially at low superficial gas ve- 
locities. Nevertheless, further investigation needs to be carried 
out to determine the relationship between the bed diameter and 
flow reversal conditions. 

Each of the reactor systems considered here involves an ex- 
ceedingly large number of randomly behaving entities, namely 
molecules; thus the stochastic model yields results identical to 
those obtained by F .:am of a deterministic mass balance a p  
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proach. The use of the stochastic approach, however, reduces 
manipulative and computational efforts for formulating and 
solving the model equations. Furthermore, the use of the sto- 
chastic approach tends to provide additional insight into the 
system. For a reactor in which a small number of reacting en- 
tities are present, a stochastic formulation offers additional 

information since the variance of the concentration and 
higherarder cumulants can also be determined. An example of 
such a system is a fluidized-bed coal combustor where the di- 
ameter of burning coal particles may exceed 1 cm. A stochastic 
formulation therefore offers a viable alternative to the deter- 
ministic approach. 

STOCHASTIC MODEL 

The theory presented here is mainly based on our previous work 
(Fan et al., 1982; Nassar et al., 1981,1982). Consider a fluidized-bed 
reactor with m interconnected compartments consisting of two 
phases. The volumes of the compartments are not necessarily 
identical. Suppose that entitiesor moleculesof types, A,,  Az, .  . . , 
A,, enter the reactor through the first compartment and leave it 
through the last compartment. Also suppose that linear transitions 
take place among the entities or molecules in the reactor. 

In each compartment, an entity or molecule of type A, may 
transfer to another type due to chemical reactions, remain in its 
present state, move to the other phase in the same compartment, 
move to another compartment, or exit from the reactor if this 
compartment is the last one. For a reactor with m compartments, 
n types of entities, and two phases, we have a Markov process with 
a sample space of 2mn states. The states may be designated as S1, 
Sz, . . . , Sz,,, where IS,, S z ,  . . . , S , ]  represents the set of states in 
phase 1 of compartment 1, (S,+ 1. S , ,  2, . . . , Sz , )  the set in phase 
1 of compartment 2, and so on. Formally, we let 

pcj(tJ + At) 
= Pr [an entity or molecule in state S, at time t will be in state Sj 

( j  # i )  at time ( t  + At)]. 

= kq(t)At + o(At)  (1) 

and 

p&,t + At) 
= Pr [an entity or molecule in state S ,  (in the top compartment) 

at time t will exit from the reactor at time ( t  + At)] 

Here k , j ( t )  and p , ( t )  are the so-called intensity functions of the 
Markov process. Obviously, 

(3) 

= ~ r ( t ) A t  + 4 A t )  (2) 

Zmn 

j = 1  
c p,j(t,t + A t )  + p d t , t  + At) = 1 

p, j ( t , t  + At) E 1 + k,j(t)At + o(At)  

Let 

(4) 

Then, from Eqs. 1 through 4, we have 

( 5 )  

The intensity function (bj(t)J within a phase may be interpreted 
as rate constants for linear first-order reactions (Ishida, 1960; Nassar 
et a]., 1981). The intensity functions between states in two different 
compartments, or between phases in the same compartment, may 
be interpreted as the rate of migration or movement of entities 
between the two compartments or phases. If these intensity func- 
tions are time-independent, the process is said to be a time-ho- 
mogeneous process. Otherwise it is a time-heterogeneous pro- 

1 kf,(t) = - c kfj(t) + P , ( t )  Li 

CeSS. 

For a time interval ( ~ , t ) ,  we define 

p , j (7 , t )  = probability that an entity or molecule in state S,  at 
time T will be in state Sj at time t ,  i j  = 1,2, . . . ,2mn 

Let q7. t )  be the matrix of transition probabilities [p,j(~,t)J.  It has 
been shown that these transition probabilities satisfy the Kolmo- 
gorov forward differential equations (Chiang, 1980), i.e., 

d - P(T , t )  = P(T,t)K(t)  
dt 

with the initial condition 

q ~ , t )  = Z = identity matrix Q t = T (7) 

The matrix K( t )  in Eq. 6 is the so-called intensity matrix defined 

For the time-homogeneous process the forward differential 
as KO) = Ik&)l. 

equation, Eq. 6, becomes 
d 
dt 
- P(t - T )  = P(t - T ) K  

with the initial condition 4 0 )  = Z. 
The solutions of Eqs. 6 and 8 for the transition probabilities, 

] p , j ( ~ , t ) )  and {p, l ( t  - T ) ) ,  are given in standard treatises on sto- 
chastic processes or ordinary differential equations (Chiang, 1980; 
Bellman, 1960). With these transition probabilities known, we can 
obtain the mean and variance of the number of any type of entity 
in each compartment and phase in the fluidized-bed reactor even 
under time-heterogeneous conditions, including those prevailing 
in unsteady state operations (Fan et al., 1982). For instance, we let 
f l  and f Z m  be the number of entities of the reactant entering the 

TABLE 1. SUMMARY OF PARAMETER ESTIMATION 

G b p  = uhsp - uhsp-, 

G b ,  = 0 

uesp = uo - UhP 
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fluidized bed through the bubble and emulsion phases of com- 
partment 1 per unit time, respectively, for the case of one reactant. 
Then, the mean and variance of the number of entities in the 
bubble phase of compartment p are, respectively, 

E[xpl = $,‘ l f l p l , p ( t  - 7 )  + fZrnPzrn,p(t - 7 ) I d ~  (9) 

VarIrpl = J f  Iflpl,p(t - 7)11 - p l , , ( t  - 7)1 

+ fzrnPzrn,p(t - 7)[1 - P z m , p ( t  - ~ ) l l d 7  (10) 

where p i j ( t  - 7 )  is found from the solution of Eq. 8, and x p  = 
Ck,,vb,NA. 

ESTIMATION OF PARAMETERS 

A complete description of all necessary parameter estimations 
is beyond the scope of this work. The relationships used in this 
model for the estimations are summarized in Table 1. 

To estimate the values of the elements k,l of the intensity matrix, 
it is necessary first to calculate the volumes and number of the 
compartments, and second to calculate gas flow rates between 
compartments and between phases. An example element k,, rep- 
resenting the transitions from the bubble phase to the emulsion 
phase would then equal 

total volumetric flow of gas from 
the bubble phase to the emulsion phase 

volume of gas in the bubble phase ‘ I  = 

All other elements are found analogously. 
The present stochastic model parallels the deterministic model 

presented by Peters et al (1982) wherein the material balance 
equations for reacting species P in both phases of compartment p 
of the rn compartments are written as follows. 

Bubble Phase 

for compartment p where 

for compartment p where 

for compartment p where 

and 

for compartment p where 

ues, 2 0 

ues,-, 5 0 

From these relations the intensity matrix elements can be de- 
rived. 

In this work the heights of the compartments have been deter- 
mined using the method outlined by Mori and Wen (1976). The 
height of the first compartment, Ah], has been estimated by cal- 
culating the height of the jetting gas, h,, and adding the correction 
factor, h,, to this value as follows: 

Ah, = hj + h, if h, > 0 (16) 

Ah1 = hi + Db, if h, = 0 (17) 

The heights of the remaining compartments are then calculated 
based on the equivalent spherical bubble diameter at the top of the 
preceding compartment. Further details can be found in the 
original work by Mori and Wen (1976). Using this method the bed 
can be divided into M compartments; the height of each com- 
partment above the distribution plate is taken to be the same as the 
height of the center of the compartment above the distributor. 
Once the number and heights of the compartments have been 
determined, the volume of the bubble phase, Vb , and that of the 
emulsion phase, V,,, in each compartment can 6e found. 

To determine the elements of the intensity matrix along the axial 
direction it is also necessary to have superficial gas velocities 
through both phases in each compartment. For the bubble phase 
this is Ua,, and for the emulsion phase Uesp. The elements of the 
intensity matrix are then equal to the volumetric flow rate, Uh,A 
or UeSpA, divided by the volume of gas in the phase. This yields 

and 

for the bubble phase and 

or 

for the emulsion phase. 
To determine the intensity matrix elements between the two 

phases at the same axial position of the bed it is necessary to have 
magnitudes of the flow rates across the phase boundaries. From 
the material balance equations we find that the flow rate from the 
bubble phase to the emulsion phase in Fie Vb,, and from the 
emulsion to the bubble phase is ( G h  A + FL v b , ) .  

The intensity matrix elements for Rorizontarmixing when G h ,  
is nonnegative are 

k&, = Fie,, (21) 

for flow from the bubble phase to the emulsion phase, and 

(22) 

for the flow from the emulsion phase to the bubble phase in com- 
partment p .  If Ch, is negative, indicating a flow in the reverse 
direction, then 

GkJ + F&,,VbB ke‘b, = 
€mfVep 
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k,L2 

keb, 

Flgure 1. Example gas flow pallern and corresponding tranritlon matrix 
efements. 

and 

To complete the intensity matrix it is also necessary to have the 
intensities of exit, p, and pm+ 1 ,  from the top compartment and/or 
the recycle flow rate in the top compartment. These can be de- 
termined using a material balance around the top compartment. 
The intensity of exit from the bubble phase will then be 

where 9& is the volumetric flow rate of the exit stream from the 
bubble phase. The intensity of exit for the emulsion phase is 

' 9:. > 0 (26) 92  
Pm+1=- 

t m j v e ,  

where 9'& is the volumetric flow rate of the exit stream from the 
emulsion phase; naturally, 9:" + 9& = U,A. If either 9tx or 9:. is 
greater than U,A, then there is a recycle stream from the bubble 
phase to the emulsion phase or from the emulsion phase to the 
bubble phase, respectively. In this case the recycle stream will 
contribute an intensity matrix element for the flow between the 
bubble and emulsion phases in the top compartment of the 
form 

The intensity matrix can then be formulated for the system. For 
the flow pattern shown in Figure 1, some of the example elements 
for the one-component (no reaction) system are 

TABLE 2. VALUES OF INPUT PARAMETERS FOR EXAMPLES 

The intensity function k,j for the chemical reactions, which take 
place only in the emulsion phase for a solid-catalyzed reaction, is 
of the form 

The intensity matrix for the emulsion phase in one compartment 
wherein a two-component reaction takes place is of the form (Fan 
et al., 1982) 

where 

RESULTS AND DISCUSSION 

As an example of complex chemical reactions, the series reac- 
tions 

ki  kz 
A-+B-*C 

are considered. The values of input parameters employed are listed 
in Table 2. Variations of both density and molecular diffusion are 
neglected; that is, 

(42) ,,A= 3 -  C P - P  

and 

a ) A  = a ) B  = a)c (43) 

For the three-component system under consideration, the in- 
tensity matrix has 6m rows and columns. For the superficial gas 
velocities used in the examples shown in Figures 2 through 7 and 
bed parameters listed in Table 2, the resultant intensity matrices 
are 24 X 24 square matrices. Solving Eq. 8 with these intensity 
matrices yields the transition probabilities as functions of time. The 

0 3 .6 .9 1.2 1.5 1.8 2.1 2.4 2.7 3.0 
TI.. I [..el 

Figure 2. Translent exl concentrallom: U, = 40.0 mlr; U, = 1.0 cmla; Lrnr 
= 20.0 em. 
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Flgure 3. Transient exit concentrations: U. = 45.0 cmls; U, = 2.0 CmIS; 
L,,,, = 15.0 cm. 

mean and variance of the concentration can be found for each 
component in each compartment from these probabilities ac- 
cording to Eqs. 9 and 10. The variance of the concentration is not 
shown; it is equal to the concentration in compartment i divided 
by the volume of compartment i and the Avogadro number. For 
a system where the reacting species are subdivided into essentially 
molecular scale groupings, the variance will be insignificant relative 
to the average concentration. However in a system where molecules 
of the reacting species are lumped into finite size groups that move 
together-e.g., particles of coal in a gasifier or reactant molecules 
in the dispersed phase of a liquid-liquid reactor-the Avogadro 
number must be replaced by an appropriate number representing 
the number of individual entities in a characteristic unit, which 
is often substantially smaller than the former. For such a system 
the variance of the concentration may not be negligible relative 
to the average concentration since the number of independently 
behaving entities is relatively small. For example, for a system 
wherein 100 pm particles are involved in a chemical reaction, the 
number of particles that can be packed into a one-liter compart- 
ment will be in the order of lo9 particles. If the Avogadro number 
is replaced by this number, the variance will be of the order of 
The maximum number of particles that can be suspended in the 
gas phase passing through the compartment would be much smaller 
than lo9 and therefore the variance would increase accordingly. 
Other systems, such as rarified gas reactions, reactions inside cat- 
alyst particles, and microbial reactors, all of which involve relatively 
small numbers of reacting entities, would also be expected to exhibit 
appreciable variances which should not be neglected. 

"q 1.01 1 

Hrighl. h[cm ] 

Height,h[cm] 

Flgure 4. Axlal Concentration profiles: U. = 7.5 cmls; U,,,, = 1.0 cmls; L,,,, 
= 20.0 cm. Dotted lines Indicate compartment helghir; the corresponding flow 

pattern Is shown In Figure 8a. 

1.0 
[ Jel heighl 

.8 B \  j 

H*lqht,h [cm] 

Figure 5. Axlai concentration profiles: U,, = 40.0 cmls; Urn = 1.0 cmls; LM 
= 20.0 cm. Doned lines lndkate canparlment hem the correspondlng flow 

pattern Is shown In Figure 8b. 

Transient Exlt Concentrations 

As done by Peters et al. (1982), we have calculated the transient 
exit concentration, as shown in Figures 2 and 3, for each of the three 
reacting species for the given values of U,, U,j, and L,f These 
concentrations have been evaluated by averaging over the con- 
centrations in both phases of the top compartment using the exit 
flow rates, 9zx and 9:,. 

A minor difference exists between Figures 2 and 3. In Figure 
2 the concentration of component A is initially greater than that 
of component B before falling to approximately the level shown 
in Figure 3. In Figure 3 the concentration of component B is 
greater than that of component A for all times. This is of ques- 
tionable significance, however, since stirred-tanks-in-series models 
do not necessarily predict transient behavior accurately. 

Axial Concentration Profiles 

Figures 4 through 7 show typical steady state axial concentration 
profiles for each of the three species for the given values of U,,  
U,f, and L,f. The corresponding gas flow pattern in the bed for 
Figures 4,6,  and 7 is shown in Figure 8a, and that for Figure 5 in 

Hei9ht.h [cm] 

Figure 6. Axlal concentratlon profiles: U,, = 5.5 cmls; U,,,, = 2.0 cmls; L,,,, 
= 15.0 cm. Dotted Ilnes indlcate compartment heights; the cmespondlng flow 

pattern Is shown In Figure 8a. 
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E Jel heiqhl 
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Heiphl. h [em]  

Haiphl. h[ cm ] 
Figure 7. Axial concentratlon profiles: U, = 45.0 cm/s; U, = 2.0 cmls; L, 
= 15.0 cm; Dotted lines Indicate compartment heights; the corresponding flow 

pattern Is shown In Figure 8a. 

Figure 8b. The difference between the two cases given in Figure 
8 is that flow reversal occurs only in one example (Figures 5 and 
8b). In Figures 4 through 7 discrete stepwise curves resulting from 
the discretization of the bed are replaced with smooth curves drawn 
through the average concentration in each section. Comparison 
of Figures 5 and 7 with Figures 4 and 6, respectively, indicates that 
the conversion of component A is significantly decreased with an 
increase in the superficial gas velocity V, due to bypassing of the 
emulsion phase or reaction zone through the bubble phase. Perhaps 
a more significant result is seen when comparing Figures 5 and 7. 
The gas flow pattern in Figure 5 is shown in Figure 8b, where it 
is seen that there is a flow reversal in the upper compartments in 
the emulsion phase. The gas flow pattern corresponding to Figure 
7, given in Figure 8a, shows no flow reversal. However the axial 
concentration profiles shown in Figures 5 and 7 are qualitatively 
identical, suggesting that flow reversal has little effect on conversion 
for the solid-catalyzed reaction studied here. 

The question arises as to the origin of the S-shaped axial con- 
centration profiles seen in Figures 5 and 7 for components B and 
C. Close scrutiny seems to suggest that the crossflow, Gk, ,  not the 
flow reversal (Peters, 1982), is the governing factor. The relatively 
large values of Ch, in the top compartment correspond to flow of 
a significant amount of unreacted component A from the bubble 
phase to the emulsion phase; component A reacts eventually in 
the latter, thus increasing the concentration of component B in it. 
The crossflow term in the top compartment is much greater than 
the upward or downward superficial gas velocity through the 
emulsion phase in the top compartment. This results in a maximum 

t t t t 

Bubble 
Phase 

Figure 8. Gas flow patterns for the examples: (a) without flow reversal; (b) 
wlth flow reversal. 

in the concentration profile of component C in the emulsion phase 
of the third compartment which corresponds to box 6 in Figures 
8a and b. The occurrence of this maximum in the concentration 
profile of component C persists for increasing superficial gas ve- 
locities; this is totally independent of the onset of flow reversal. 

Flow Reversal 

Another interesting aspect, revealed through simulations for 
several different sets of the operating parameters, is that flow re- 
versal conditions are the exception rather than the rule according 
to the present model. In most cases slugging would occur before 
onset of flow reversal, or no flow reversal is found within the fea- 
sible ranges of equations used in the parameter estimation. 

Effect of Jet Height 

Simulations for wide ranges of the operating parameters have 
indicated that inclusion of the jet height as a parameter in deter- 
mining the size of the first compartment has a significant effect 
on the number of compartments necessary in modeling the bed at 
relatively low superficial gas velocities, U,. Under such conditions 
the necessary number of compartments is reduced due to the 
predominance of the jetting gas. For values of U,  in the middle 
of the feasible range, the number of necessary compartments in- 
creases as the bed height increases; it falls when U, is further in- 
creased as the bubble size increases and becomes the dominating 
parameter. 
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NOTATION 

= cross-sectional area of bed, cm2 
= gas concentration of species C in bubble phase in 

= gas concentration of species C in entire fluidized bed 

= gas concentration of species C in emulsion phase in 

= gas concentration of species C in inlet stream, 

= diameter of holes in distributor plate, cm 
= reactor diameter, cm 
= equivalent spherical bubble diameter having the 

same volume as a bubble, cm 
= maximum bubble diameter, cm 
= initial bubble diameter, cm 
= Db, evaluated at boundary between compartments 

= average equivalent bubble diameter, cm 
= flowrate of entities from environment into state S,, 

numberis 
= gas interchange coefficient for species C from bubble 

phase to emulsion phase in compartment p per unit 
volume of bubble phase, l / s  

compartment p, gmol/cm3 

at start, gmol/cm3 

compartment p, gmol/cm3 

gmol/cm3 

( p  - 1) and p, cm 

= gravitational acceleration, cm/s2 
= crossflow from bubble phase to emulsion phase, 

= height above distribution plate, cm 
= height of compartment p from distributor plate, 

= height of compartment p. cm 
= height of entering jets, cm 
= critical height from top of jets where value of t, 

cm/s 

cm 

becomes equal to t; or 0.6, cm 
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= intensity of transition between states Si and Sj, 

= reaction rate constants, l/s 
= intensity of transition between compartments p and 

= intensity of transition between compartments p and 

= intensity of transition between compartmentsp and 

= intensity of transition from bubble phase to emulsion 

= intensity of transition from emulsion phase to bubble 

= intensity of transition from emulsion phase to bubble 

= intensity matrix = [k,,] 
= expanded bed height, cm 
= bed height at Vmf, cm 
= Avogadro number, I/gmol 
= number of holes in distributor plate 
= transition probability that a molecule in state Sl i t  

time 0 will be in state Sj at time t 
= time, s 
= linear bubble phase gas velocity in compartment p. 

cm/s 
= superficial gas velocity, cm/s 
= minimum fluidization velocity, cm/s 
= superficial gas velocity in bubble phase in com- 

= superficial gas velocity in emulsion phase in com- 

= volume of bubble phase in compartment p,  cm3 
= volume of emulsion phase in compartment p,  cm3 
= number of entities in state Sl 
= parameter defined in Table 1 
= molecular diffusion coefficient of species .t in 

l/S 

(p + 1) for bubble phase, l / s  

(p + 1) for emulsion phase, l / s  

(p - 1) for emulsion phase, l / s  

phase for species C in compartment p,  l/s 

phase for species .t in compartment p,  l /s  

phase in top compartment for recycle, l / s  

partment p ,  cm/s 

partment p,  cm/s 

compartment p, cmz/s 

Greek Letters 

CC = void fraction of bubble phase including associated 

= void fraction of bed at Umf 
= void fraction of bubble phase in compartment p 
= parameter defined in Table 1 
= ratio of cloud volume to volume of bubble in com- 

= molar density of species C, gmol/cm3 
= reaction rate constant for species .t in compartment 

= intensity of exit from the bubble phase in top com- 

= intensity of exit from emulsion phase in top com- 

cloud 

2 
pe‘ 

6.P 
partment p 

VeP 

Pm 

pm+ 1 

P. l / s  

partment, i.e., compartment m, l / s  

partment, i.e., compartment m, l / s  

Subscripts 

m = final compartment 
P = compartment number 

Superscrlpts 

C = species 
P = compartment number 
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